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Abstract. In this paper we present a new local Levy Central Limit Theorem, 
showing convergence to stable states that are not necessarily the Gaussian, 
and use it to find new and intuitive entropically chaotic families with under- 
lying one-particle function that has moments of order 2a, with 1 < a < 2. We 
also discuss a lower semi continuity result for the relative entropy with respect 
to our specific family of functions, and use it to show a form of stability prop- 
erty for entropic chaos in our settings. 



1. Introduction 

One of the most important equation in the kinetic theory of gases, describing 
the evolution in time of the distribution function of a dilute gas, is the so-called 
Boltzmann equation. In its spatially homogeneous form it reads as 

/lr=o = /o. 

where d>2 and Q is the quadratic Boltzmann collision operator, given by 

(1.2) Q{f,g)=[ B{\v-v*\,cos{e)){f'gl-fg*)dadv*. 

We have used the notations f'{v) = f{v'), /* [v] = /(f*) and fliv) = fiv'^,) with 

V = 1 a, = a. 

2 2 2 2 

representing the pre-coUision velocities of particles with post-collision veloci- 
ties V, i^*. The above relationships are a direct result of conservation of momen- 
tum and energy for the associated problem. The function B, called the Boltz- 
mann collision kernel, is determined by the physics of the problem (mainly via 
the coUisional cross- section) and it is assumed that B is non-negative and de- 
pends only on the magnitude of the relative velocity, \ v- v^,\, and the cosine of 
the deviation angle between v- v^, and v' - e [0, n] . 

In his work on equation l Il.lK Boltzmann investigated the concept of the entropy 
and gave an interpretation to it in the microscopic setting, as well as a formula 
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to it in terms of the distribution function /: 

(1.3) H{f]= [ fmogf{v)dv. 

One important contribution Boltzmann made was his famous //-Theorem: Un- 
der the evolution of tl.ll l one has that 

(1.4) D{f) = -^H{f)= [ Q{f,f){vnogf{v)dv>0, 

a t jRd 

where D{f), called the entropy production, is defined as the minus of the formal 
derivative of the entropy under the evolution of the Boltzmann equation. One 
can easily see that functions of the form 

_Mi 

Maiv) = J, 

{2na) 2 

where a > 0, satisfy Q [Ma, Ma) = 0, and as such present a stationary solution to 
M.W that is a critical point to the entropy functional. Such functions are usually 
called Maxwellians and represent the equilibrium states of the Boltzmann equa- 
tion. One would hope that under suitable conditions we will gain convergence 
to equilibrium in our equation. This problem has been investigated by many 
authors, starting with Carleman and continuing to this day. 
There are two fundamental questions in Kinetic Theory that pertain to the spa- 
tially homogeneous Boltzmann equation: 

1. One of the main problems with the Boltzmann process is its irreversibility. 
The reason behind this is Boltzmann's 'Stosszahlansatz' assumption that pre 
coUisional particles can be considered to be independent. However, a closed 
system like that of dilute gas should obey Poincare's recurrence principle and 
eventually come back to its original state. How can the equation be valid in 
that case? The answer to this, given by Boltzmann himself, is in the time scale. 
The Boltzmann equation, and trend to equilibrium, can only be valid in a 
time scale that is much smaller than the time it'll take the system to return 
to its original state. As such, the question of finding a quantitative rate of 
convergence to equilibrium to the Boltzmann equation is of paramount im- 
portance. 

2. While used in practice there is no full proof that is valid for times in the macro- 
scopic scale, of how one can get the Boltzmann equation from reversible 
Newtonian laws. This, too, is a very important problem in Kinetic Theory. 
The best result attained so far is one by Lanford, |16|, in 1975. One possible 
intuition of how one can get an irreversible process from reversible laws lies 
with adding probability into the mixture. Either via randomness in the spatial 
variable, or via a many-particle model form which the Boltzmann equation 
arise as a mean field limit. While we will mainly focus on the latter option, 
we'd like to mention that there are other possibilities for the rise of such pro- 
cesses, such as loss of regularity and coarse graining at the microscopic level. 
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In his 1956 paper, |15J, Kac attempted to give a partial solution to these two 
problems. Kac introduced a many-particle model, consisting of N indistinguish- 
able particle with one dimensional velocities, undergoing binary collision and 
constrained to the energy sphere §^"^ [Vlv), which we will call 'the Kac's sphere' 
from this point onward. Kac's evolution equation is given by 

(1.5) ^{Vi,...,Vn) = -Nil- Q)Fn {Vy,...,VN), 

at 

where Fjv represents the distribution function of the N particles, and the gain 
term Q is given by 

1 2 „ 

F[t, vi,...,Viie),...,Vj[e],...,UN] dB, 
with 

(1.7) Viid) = Vi cos(0) -H Vj sin(0), Vjiff) = -vi sin(0) -H Vj cos(0). 

Motivated by Boltzmann's pre-coUisional assumption, Kac defined the concept 
of Chaoticity (what he called 'the Boltzmann property' in his paper) as follows: 

Definition 1.1. A symmetric family of distribution functions {F^vliveN on Kac's 
sphere is called chaotic if there exists a distribution function on IR, /, such that 
for any keN 

(1.8) lim nk{FN){vi,...,Vk) = f''{Vi,...,Vk), 

JV^oo 

where (Fjv) is the A:-marginal of Fjv, and the limit is taken in the weak topol- 
ogy induced by bounded continuous functions. 

Using a beautiful combinatorial argument, Kac showed that the property of 
chaoticity propagates with his evolution equation, i.e. if {Fjq {Q,V\,..., i']v)}jveN is 
/q- chaotic then the solution to equation 11.51 1, {Ff^[t, v^,..., i'iv)}weN is/f-chaotic, 
where ft solves a caricature of the Boltzmann equation: 

(1.9) ^{v) = ^[ r''[f[v{e))f{vAe))-f{v)f{v^))dv^de, 

at zn JuJo 

with u [6] , v^, [6] given by (LTj. While we only got a distorted form of the Boltz- 
mann equation, with collision kernel B = I, the ideas presented in Kac's paper 
were powerful enough that McKean managed to extend them to the <i-dimensional 
case (see 1 191). Under similar condition to those presented by Kac, McKean 
construct a similar AT-particle model from which the real spatially homoge- 
neous Boltzmann equation arose as mean field limit for certain collision kernels 
(mainly those who are independent of the relative velocity). We will not discuss 
this model in this work, and refer the interested reader to EIIHIIIH] for more in- 
formation. 

Giving a partial answer to the validation of the Boltzmann equation, Kac set out 
to try and find a partial solution to the rate of convergence as well. He noticed 
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that his evolution equation is ergodic, with an equilibrium state represented by 
the constant function 1. As such, for any fixed N, one can easily see that 

lim Fiv(?, Ui,...,vn) = 1- 

f— ►oo 

The rate of convergence to equilibrium is determined by the spectral gap 

Ajv = inf ^ 2 ^ ^ — I ^ symmetric ,(peL^ (\/iVj J ,^11 

Kac's conjectured that 



A = liminf A]v > 0, 

N^oo 



which would lead to 



(1.10) ||Fiv(?,-)-l|li2(s~-i(vlv)) ^'|I-Pw(0'-^-1|Il2(s~-i(v1v))- 

The spectral gap problem remained open until 2000, when a series of papers by 
authors such as Janversse, Maslen, Carlen, Carvahlo, Loss and Geronimo gave a 
satisfactory positive answer to the conjecture, even in McKean's model (see QU 
[TBI [21 [5] for more details). However, the norm is catastrophic when dealing 
with chaotic families. In that case, attempts to pass to the limit in the number of 
particles is futile. 

Taking lead from the real Boltzmann equation, one can define the entropy on 
Kac's sphere as 

(1.11) Hjv(Fiv)=f FNlogFNda^, 



(1.12) Hn{Fn)^N 



[ fmog 



dv, 



where da^ is the uniform probability measure on Kac's sphere. The reason be- 
hind this choice is the extensivity property of the entropy: In a very intuitive way, 
we'd like to think that 'nice' /-chaotic families behave like Fpj ~ y®^, as such 

'fiv)} 

where y is the standard Gaussian on IR. This intuition was defined formally in 
Ui , where the authors investigated the entropy functional on the Kac's sphere: 

Definition 1.2. An /-chaotic family of distribution functions on the sphere is 
called entropically chaotic if 

(1.13) lim [ fivnog{^]dv=mf\r). 

N^oo N Ju [jiv]) 

The concept of entropic chaoticity is much stronger than that of chaoticity as 
it involves the correlation between arbitrary number of particles. We will verify 
this intuition later on in this paper. 

Defining the entropy production to be the minus of the formal derivation of the 
entropy under Kac's evolution equation 

(1.14) Dn{Fn) = -JI^n^Fn) = {logFN.mi- Q)Fjv)^2(siv-i(^) , 
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one can define the appropriate 'spectral gap' by 

^ . ,Dn{Fn) 
Fjv = inr 

and ask if there is a positive constant, C > 0, such that 

Tn>C 

for all AT. This problem is the so-called many-body Cercignani's conjecture, 
named after a similar conjecture posed for the real Boltzmann equation in 1 7| . If 
there exists such a C, we have that 

HNiPNit)) < e-^'HNiFNiO]). 

Combining this with equation {LTsJ and taking the limit as N goes to infinity, 
one can hope to get that 

(1.15) H[ft\r)<e-^'H{fo\r). 

This, along with a known inequality on Hiflj) gives an exponential rate of decay 
towards the equilibrium. 

Unfortunately, in general, Cercignani's many body conjecture is false. We will 
discuss this shortly, as it motivates part of the presented work. We refer the 
reader to (4l|8l|9| for more information about this. 

At this point, the reader might ask whether or not chaotic states exist, and whether 
the intuition ~ f^^ is reasonable. The answer to both questions is Yes. We 
start by constructing a chaotic family following this exact intuition: 
Given a distribution function / on U, we define 

(1.16) Fm{vi,...,vn) = - V ^ ' 

where the normalisation function, 2^ [f, r) is defined by 

(1.17) 2N{f,r)=[ r^'da?, 

with da^ the uniform probability measure on §^"^(r). Kac himself discussed 
such functions, and have shown that they are chaotic when / has very strong 
integrability conditions. In a recent paper by Carlen, Carvahlo, Le Roux, Loss 
and Villani, 1 4 1 , the authors have managed to extend Kac's result to the following: 

Theorem 1.3. Let f be a probability density on U such that f e Lf{U) for some 
p> I, f^ x^fix) = 1 and f^ x^/(x) dx < oo. Then the family of densities defined in 
(1.166 is f -chaotic. Moreover, it is f-entropically chaotic. 

The main tool to prove Theorem ll.3l is a local central limit theorem, giving an 
approximation for the normalisation function, 2n [f, \/r): 

Theorem 1.4. Let f satisfy the conditions ofTheorem \1.3\ then 
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whereZ^ = Lv'^fiv)dv-l andsupii\^Niu)\ — ' 0. 

We'd like to mention at thiis point tiiat ttie above ttieorems were extended to 
to McKean's model by the first author in 1 6 1 . 

In (8] (and later on in (9) for McKean's model) the second author extended the 
above local central limit theorem to the case where the underlying generating 
function, /, also varies with N: 

Theorem 1.5. LetO <t] <l andSN = Define 

fM(v) = 6ArM 1 (v) + a-5M]M 1 fi;). 

2% 2(l-5jv) 

where Maiv) = -^=^. Then 



(1.19) 2N{f,'M = 



N-2 



2n 



2 

'JV 

+ A]v(m) 



I 



whereZ^ = ^g^^^jl^^-l anrfsupu|A]v(w)l — ' Q. Moreover, using the same nota- 
tion as U.16\ l with f replaced by fy, one finds that there exists Cj^i > 0, depending 
only on r( such that 

1.20 Tn < -J^LJl. < _L 

forO <T]' <rj. 

The above theorem shows exactly how high order moments play an important 
role in the evaluation of the minimal entropy- entropy production ratio, Tjq. The 
family constructed in Theorem ll.5l has two peculiar properties: 

(i) 

v'^fNWdv = — — — ' oo. 



Jr 





N 



(ii) One can check that is Mi - chaotic yet limjv^oo '^l,^ exists but doesn't 



equal //[Milyjl 



Will the many-body Cercignani's conjecture be true if we restrict ourselves to 
families that violates (/) and (n')? is there a connection between (i) and (h')? 
Motivated by the above questions, we set out to investigate the effects of the 
fourth moment on chaoticity and entropic chaoticity. We consider families of 
distribution functions on Kac's sphere, {F]v}jveN> of the form <1.16l l where the 
underlying generating function / is independent of N, but has moment of order 
2a, with 1 < a < 2. Surprisingly enough, a lot can be said about this case, much 
like the case where / has a fourth moment. 

Before we state our main results, we will extend the definition of chaoticity and 
entropic chaos to general symmetric measures on Kac's sphere, as well as define 
the relative entropy and the relative Fisher information functional. 
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Definition 1.6. Given two probability measures, iu,v, on a Polish space X, we 
define the relative entropy Hiiu\v) as 

(1.21) H[iu\v)= [ hloghdv, 

Jx 

where h = and H{fi\v) = oo if ;U is not absolutely continuous with respect to 

V. 

Notice that in our notations 

Hn{Fn) = HiFisfda^lda^), 
with an underlying space X = S>^~^ (v^- 

Definition 1.7. A probability measure on a space X that is invariant under the 
action of the symmetric group =5% is called symmetric if 

(1.22) / fd^i = [ ford^i, 

Jx Jx 

for any t e 5^f^, and / e CbiX). 

Definition 1.8. A family of symmetric probability measures on Kac's sphere, 
{MwIjveN' called /i-chaotic, where ;U is a probability measure on K, if for any 

keN 

(1.23) lim Ofc (//jv) = JLi«^ 

where Uj^i^N) is the fc-th marginal of jujv and the limit is in the weak topology. 

It is a known result (see |22] for instance) that it is enough to check the marginals 
for A; = 1,2 in order to conclude chaoticity. 

Definition 1.9. A symmetric /z-chaotic family of probability measures on Kac's 
sphere, {jUw}]veN' called entropically chaotic if 

(1.24) Urn^^tL_^ = H[,\r), 

where da'^ is the uniform probability measure on Kac's sphere and H()Li|7) is the 
relative entropy of jj, and Yiv)dv. 

Lastly we define the relative Fisher information functional, which has inti- 
mate relation to the relative entropy. As it requires a lot more information on the 
space on which the measures act, we define it only on U, and Kac's Sphere: 

Definition 1.10. Given two probability measures, on IR, we define the rela- 
tive Fisher information functional /(//|v) as 



r \h'{x)f r I d I 

(1.25) /(Mlv)= ' ^ ' t^v(x)=4 — 

Jm n(x) Jr I dx 



dv{x), 
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where h = and /(ju|v) = oo if // is not absolutely continuous with respect to v. 
Given two probability measures, ^jv. on Kac's sphere, we define the relative 
Fisher information functional /w(/i]v|vAr) as 

(1.26) %(M]vlViv)=/ — ; dv, 

where h = and /iv(Mivl^iv) = oo if is not absolutely continuous with re- 
spect to V]v. Here Vs denotes the components of the usual gradient on that 
is tangential to Kac's sphere. 

The main results of our paper are as follows: 

Theorem 1.11. Let f be a probability density such that f e for some p > 1 and 
f x^fix)dx = 1. Let 

(1.27) vf{x)= y^f[y)dy 

J-\/x 

and assume that Vf{x) ~ Csx^~" for some Cs > and I < a <2. Then the 
family 



2N[f,^/N) 

is f- chaotic. Moreover, it is f-entropically chaotic. 

In particular, one has that 

Theorem 1.12. Let f be a probability density such that f e L^ for some p> I and 
f x^ f[x)dx= I. Assume in addition that 

/Wx-oo^' 

for some 1 < a < 2 andD> 0. Then the family 



Fn = 



2N[f,s/N) 

is f- chaotic. Moreover, it is f-entropically chaotic. 

In addition to the above, the probability measure vjv = Fj^do^ plays an im- 
portant role on Kac's sphere. This is expressed in the following distorted lower 
semi continuity property: 

Theorem 1.13. Let f satisfy the conditions of Theorem ] l.lll and letp^ be a sym- 
metric probability measure on Kac's sphere such that for some keM 

(1.29) TlkipN) - Hk, 

N^oo 

where pj^ is a probability measure on U . Then, if we denote by Fm ~ — 



andvjM = Fpfda^ we have that 
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(i) 111 (Mw) ^ rii [i^k] = n and 

N^oo 

(1.30) Hi^ilf) < liminf ^^^^ 

where H[fjL\f) is the relative entropy between and the measure f[v)dv. 

(ii) For any 5 >0 we have that 

liminf ^^^^'^^^ > ^^^^'-^''^ -limsup [ log (/(.) + 5) rfHi M (t^) 

r, . . ^ , 1- f\vfduiv) 

+ j log{fiv))d^i[v) ' ^ ^ ■ 

Theorem ll.l3l is the key to proving the following stability property of entropic 
chaoticity: 

Theorem 1.14. Let f satisfy the conditions of Theorem ] 1.11\ and assume in addi- 
tion thatf e LP°[U). Then, if 

(1.32) lim = 0, 

N^oo N 

where Vfy[ was defined in Theoren il.lSi pn is f- chaotic. Moreover, yujv is f-entropically 
chaotic. 

A different approach to the stability problem involves the relative Fisher in- 
formation functional on Kac's sphere, Ij^: 

Theorem 1.15. Let {jU^ljYeM a family of symmetric probability measures on 
Kac's sphere that is f- chaotic. Assume that there exists Cs > and 1 < a < 2 such 
that 

(1.33) ["^ vldUiipNKvi) ~ Csx^-" 
J-Vx 

uniformly in N, and that 

(1 34) H^ipNlcr'') ^ ^ /iv(Mivlg^) ^ ^ 

N ~ ' N ~ 

for all N and some 2 <k<4. Then /ijv is f-entropically chaotic. 

The presented work is structured as follows: In Section|2]we will present some 
preliminaries to the work, including known results on the normalisation func- 
tion, marginals of probability measures on Kac's sphere and stable a processes. 
Section |3] will be focused on finding a local Levy Central Limit Theorem, to be 
used in SectionHl where we will prove Theorems ll.lll and ll.12l In Section[5]we 
will discuss the lower semi continuity property of processes of our type (Theo- 
rem [LTlll and prove the stability theorems, Theorems 11.141 and 11.151 Section [6] 
wiU see closing remarks for our work, while the Appendix will discuss a quanti- 
tative Levy type approximation theorem, and include some additional compu- 
tation that would otherwise encumber the presentation of our paper. 



For more information about the Boltzmann equation, Kac's (and McKean's) model, 
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the spectral gap and entropy- entropy production problems, as well as discus- 
sion about chaoticity and entropic chaoticity we refer the interested reader to 

E H II [3 El H H m [El |201 121 |23l . 

Acknowledgement. The authors would like to thank Clement Mouhot and Ste- 
pahne Mischler for fruitful discussions, constant encouragements and support, 
as well as enlightening remarks about the manuscript. 



2. Preliminaries. 

The Normalisation Function. As discussed in the introduction, the normalisa- 
tion function, [f> V^)> plays an important role in the proofs of chaoticity and 
entropic chaoticity of distribution families of the form 

Fn= ■' 



2N{f,s/N) 

In this short subsection we will give a probabilistic interpretation to it, as well as 
explain why it is well defined under simple conditions on /. 
Before we begin, we'd like to make a small remark about notation convention: 
we frequently use the term 'distribution function' in this paper, by which we 
mean the Statistical Physics sense of the term, i.e. a probability density function 
in mathematical terms. In what follows, when we'll aim to be very precise and 
less confusing, we'll use the terms 'probability density function' and 'probability 
distribution function' to clarify certain conditions of theorems. 

Lemma 2.1. Letf be a probability density function for the real random variable 
V. Then 

, 2h*^{r) 

(2.1) ZN[f,s/T) = -——^ 

|§iV-l| ^ — 

where h be the associated probability density function for the real random vari- 
able andh*^ is theN-th iterated convolution ofh. 



Proof for the above lemma can be found in |4, 8|, yet we present it here for 
completion. 



Proof Denote by Sjq = Zfli the sum of independent copies of the real ran- 



dom variable V^. For any function ^ e Cjj [U^), depending only on r = y Lili 
we find that 



Zv^nlj{Vi)dVi...dVN = 

1 = 1 



|§~-i| r</^(r)r~-if f nlj{Vi)da^]dr = \s''-'\ H cp{r)r''-'2Nif,r]dr 
Jo U§~-H/-) j Jo 
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On the Other hand 

E 



noo roo 

(p= I ip[y/r) SMir]dr = 2 I r(p[r)Sf^[r^) dr. 
Jo Jo 

any q) we con 



Since the above is valid for any q) we conclude that 

25iv(r) 



|§~-i|r^ 



A known fact from probability theory states that the density function for S^, Sj^, 
is given by 

Sn{u) = h*^[u) 

where h*^ is the N-th iterated convolution of h. This completes the proof. □ 

Remark 2.2. It is easy to see that probability density function h, associated to 
the probability density function / as described in the above lemma, is given by 

(2.2) h{u) = \ 

[O u<0 

As such, using the convexity of r — ► r'? for any q>l,we find that if in addition 
/eLP(K) then 

J 2 Jo Ju xP'-i 

(2.3) 4 ^+ffix)P'dx 

J[-i,il Jk 

<f[ /(x)Prfxl' [ +[ f{x)Pdx+[ f{x)dx, 

where p' < p. Choosing I < p' < we find h e Lf' (K), showing that h itself 
gains extra integrability properties in this case. This will serve us later on in 
SectionlH 

Marginals on Kac's Sphere. By its definition, chaoticity depends strongly on un- 
derstanding how finite marginal on Kac's sphere behave. In particular, in our 
presented cases, we'll be interested to find a simple formula for the fc-th mar- 
ginal of probability measures of the form Ff^do^ . To do that we state the follow- 
ing simple lemma, whose proof we'll omit, but can be found in (8) : 

Lemma 2.3. Let be an integrable function on S^~^{r), then 

N-j-2 



I I : sFjqdo^^ — , \dvi...dvj, 

where g+ = max(g, 0) for a function g. 
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Using the above lemma, one can easily show the following: 

Lemma 2.4. Given a distribution function Fjv on Kac's sphere, then the proba- 
bility density function of the k- th marginal of the probability measure Fjsido^ is 
given by 

, N-k-2 



T\k{FN){vi,...,Vk) 

(2.4) 



N-k-\ 



1 ' 



L 



, , F^da^'r- : 



Next we show a simple condition for chaoticity, one we will use later on in 
Sections) 

Lemma 2.5. Let {F^vIjvgn a family of distribution functions on Kac's sphere. 
Assume that there exists a distribution function f, on U, such that 

(2.5) lim nfc(Fjv) ivi,...,Vk) = f^''[vu...,Vk] 

N^oo 



pointwisefor allk^N. Then 



(2.6) lim 

N^oo 



nkiFN)[V,,...,Vk)-f^''iVl,...,Vk) 



= 0, 

LifR*^) 



for all keN, and n particular {F^v} jvgn f- chaotic. 



The proof for this (and a more general statement) can be found in [TO] . Since 
the proof is very simple we will add it here, for completion. 

Proof. Let A; e N be fixed. Define g^v = ^kiPN) + f^^- By assumption <2.5l l we 
know that 

lim gj, = 2f^^ = g, 

pointwise and since |nfc(F]v) - f®^\< gN, and 

I gN{vi,...,Vk)dvi...dvk= I g{vi,...,Vk)dvi...dvk 

for all N, we can use the generalised dominated convergence theorem to con- 
clude lEH). □ 

a Stable Processes. The bulk of the material presented in this subsection is 
taken from the excellent book by Feller, [n] , as well as the paper |l2l by Goudon, 
Junca and Toscani. 

The concept of stable distribution appears to be very adequate to deal with many 
real life situations where a strong deviation from the normal central limit theo- 
rem is observed. Stable distribution are a generalisation of the normal distri- 
bution, and act as attractors for properly scaled and shifted sums of identically 
distributed variables. 

One of the simplest way to discuss stable distribution is via their characteristic 
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function. We remind tiie reader that in the probabilistic context, the character- 
istic function, (p, of a probability density (p on K is given by 

(2.7) (p(_0 = j e'''^(p{x)dx. 

Definition 2.6. A random variable U is said to be a-stable for < a < 2, a # 1 if 

has the same probability distribution function as U, where X, are independent 
copies of U. Equivalently, the characteristic function of U is of the form 

(2.8) rCs.a.p.qiO = e-Cslfr-^cos(if )(l + .-sgn(a(p-^)tanf )^ 

with Cs > 0, p, <7 > and p + q=l. 

Remark 2.7. Some books, including Feller's, refer to above definition as strict 
stability. 

Remark 2.8. Equation I I2.8I I can be rewritten in the form 

(2.9) f,,,,^(a = e-"l^l"(^^'^^^'^'^^'^'^^l 
where 

^ r(3-a) (na\ 

a = Cs-— -cos — >0, ^ = p-^7. 

a(a- 1) V 2 

We will use both forms in accordance to the situation. 

We will now define the Domain of Attraction of a stable distribution (which 
we will identify via its characteristic function), as well as the Natural Domain of 
Attraction and the Fourier Domain of Attraction. 

Definition 2.9. The Domain of Attraction (in short, DA) of fa.a.p is the set of 
all real random variables X such that there exist sequences {flnlneN > and 
{bn}nEN^^ such that 

yn ^. 

(2.10) '"^ ' -nbn U, 

a„ n^oo 

where Xi are independent copies of X, U is the real random variable with char- 
acteristic function fa,a,p and the limit is to be understood in the weak sense. 
Equivalently, one can prove that the DA of fa.a.p is the set of all real random 
variables X, whose characteristic function y/ satisfies 



(2.11) 



-(T|^|"(l + zi3sgn(0tan(— )), 



2 

where {flnljieN and {bn}nN are sequences as in <2.10l l (See fTTI ). 

Definition 2.10. The Natural Domain of Attraction (in short, NDA) of Jcr,a,p is 

the subset of the DA of ja.a.p for which an = n^ and b„ = are applicable as a 
sequences in I l2.10t . 
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Definition 2.1 1. The Fourier Domain of Attraction (in short, FDA) of fa.a.p is the 
set of all real random variables X whose characteristic function iff satisfies 

(2.12) i^(0 = l-ff|^r(l + zj6sgn(0tan(^))+ry(0, 

where ^ e LP° and ^ - — > 0. The function ry is called the reminder function of 



The next theorem, taken from [12], is important for our local central limit 
theorem. The fact that it only works in IR will affect the lower semi- continuity 
property, discussed in Section[5l 

TiieoremZ.lZ. Foranyf^a.p we have that the NDA equals the FDA. 

Due to its importance, we will present a full proof for this theorem. The proof 
relies on the following technical lemma (again, taken from 1 12]): 

Lemma 2.13. Letg : U\{0} U be a continuous function that satisfies\m\n-^oog[ji) 
for any x e IR \ {0} . Then lim^^o g(x) = 0. 

We leave the proof to the Appendix, and show how one can prove Theorem 
lliniusing it. 

Proof of Theorem [2. 12\ We start with the easy direction. Assume that ^r is in the 
FDA of Ja,a,p- We have that 



1 + «/3sgn 



ina 
tan — 
I 2 



+ nr] 



= -(T l«r (l + //isgn«}tan (^)) + 



.(4) 

■(4)°' 

concluding the desired result. 

Conversely, assume that ^/ is in the NDA of Ya,a,p and define 

7?(0 = W^O - 1 + (Tier (l + z;6sgn(a tan(^)) . 
We have that for any 7^ 



1 










n 




[-)-') 


w 







^l-ll+aiei"(l + «;6sgn(atan(^))l 0. 



Defining g{^) = we find that g is continuous on IR \ {0} and 
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for any ^ 7^ 0. A simple modification of Lemma l2. 13l proves that lim^^o g(0 = 0. 



This also shows, since rj is continuous, that is bounded around ^ = 0. For 



1^1 > 5 we have that 

-^ + a(l + |/3||tan(f )|) 



iT?(ai ^ 2 



proving that e L°°, and the result follows. □ 

Theorem 12. 121 gives us a very convenient approximation for the characteris- 
tic function of any real random variable in the NDA of Ya,p,a> one we will use 
quite strongly in the next section. For now, we finish by quoting a theorem from 
Feller's book, (TH, giving conditions for a real random variable to be in the NDA 
of a stable distribution. 

Theorem 2.14. LetF be a probability distribution function of a real random vari- 
able, X, that has zero mean, and let! < a <2. Denote by 

(2.13) ;u(x)= [ y'^Fidy). 

J-x 

If 

(i) 

(2.14) u[x) ~ x^-^Ux), 

X 'OO 

where L is slowly varying (i.e. — ' I for any t>0). 

(ii) 

I -Fix) _^ 
l-Fix) + F{-x) x~^^' 
^2-15) f(-x) _ 

l-F[x] + F{-x) 
(Hi) There exists a sequence \an\nm > such that 

(2.16) ^ ^ Cs. 

Then X is in the DA ofjcs.a.p.q with {an}nm found in [Hi) and bn = 0. 

Remark 2.15. It is worth mentioning that a similar, less restrictive theorem, holds 
in the case < a < 1. Since we will not use it in this work, we decided to exclude 
it from this section. For more information we refer the interested reader to lllj . 

Remark 2.16. Of particular interest to us are the following cases: 

• if in condition (i) of Theorem [2J4] one has that L{x) ~ Cs then the 

X— >oo 

sequence 

an = 

will be suitable for condition [Hi) of the same theorem. 

• If the probability distribution function, F{x), is supported in [k,oo) for 
some K eU then condition [ii] of Theorem l2.14l is immediately satisfied 
with p = l and q = 0. 
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We are now ready to begin with the main technical tool of this paper - a local 
Levy central limit theorem. 

3. Levy Type Local Central Limit theorem. 

The central limit theorem is one of those rare theorems that is of immense 
importance both theoretically and in practice. The first version to be discovered 
involved convergence to a normal distribution of certain rescaled and shifted 
sums of independent identically distributed real variables, but as more and more 
cases of deviation from such nice distribution were observed, a more general 
version of a central limit theorem, one involving the stable distribution, was in- 
vestigated. Of particular interest in our field of study is the concept of a local 
central limit theorem, that is - a central limit theorem that doesn't only apply to 
the probability distribution function but to the probability density function as 
well. 

In this section we will present such theorem, extending results obtained in jU for 
the case where one has a bounded fourth moment. The proofs associated with 
the local limit theorem are modelled on similar ideas to those presented in the 
above paper, but there are some significant changes, on which we will remark. 
The main idea of the proof is to evaluate the supremum of the difference be- 
tween the probability density functions using inversion formula and their char- 
acteristic functions. An integral will emerge, one we will have to divide into two 
domains: low and high frequencies. The domain of low frequencies will be taken 
cared of by requiring that the characteristic function would be in the NDA of 
some stable distribution. The high frequency domain is what we'll deal with 
presently. 

Theorem 3.1. Let g bea probability density function on R such that 

(3.1) Ex = I \x\^gix)dx<(X), 

Jr 

for some A > 0, and 

(3.2) Hig)= [ gixnoggix)dx<oo. 

JR 

Then for any /3 > 0, there exists t] = rj [fi,H(_g),E;i) > such that if\^\ > f5 then 
|g(OI <l-T]. Moreover, given t > one can get the estimation 

(3.3) \g[0\<l-P^^' + (l)TiP), 
for d< do small enough, where — ' 0. 

Remark 3.2. The proof of the first part of the above theorem, to be presented 
shortly, is very similar to the proof found in [41. The novelty of our approach 
manifests itself mainly in <3.3l l, where an explicit distance from 1 is given. The 
surprising part is that to show this estimation no new machinery is required, 
only an intermediate approximation. 
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Proof. For a given ^ £ K we can find a zeR such that 

By the definition of the Fourier transform, and the fact that g(0) = 1, we have 
that 

Since |g| is real we find that 

|g(ai = l- f g(x){l-cos{27r(x + z)0)rfx 

JR 

<1-/ g(x)(l-cos(27i:{x+z)0)'^.^ 
Jb 

for any measurable set B. 
Define: 

= {x e [-R, R]\l- cos {27r{z + x)0 < 5} , 
where 5 and R are to be specified later. From its definition, and <3.4K we con- 



(3.4) 



elude that 



(3.5) 



|g(ai<l - f g(x)(l-cos(27r(x + z)a)rfx 

Jl-R,R]\Bs,R 



'I 



< 1-5 I g(x)(ix. 

-B,iJ]\B5,Ji 



Next we notice that x e £5,^ if and only if x e [-R, R] and 
\2niz + x)^ + 2nk\< arccos(l - 5) 



for some k eZ. Since arccos(l - 5) < v 25 we conclude that if x e Bs,r then, for 
some keZ, 



(3.6) 





1^ \ 


X- 









25 



We denote by the closed intervals centred in | - z, with radius Since the 
distance between the centres of any two /^-s is at least y^, while the length of 
each interval is at most if we pick 5 < |, we conclude that the intervals I^s 
are mutually disjoint. 

From 113.6) we see that the set Bs,r is contained in a union of /fc-s. 

Let n be the number of A; e Z such that j-ze [-R, R\ . All such k-s, but possibly 

the biggest and smallest fc, satisfy that c [-R, R] . Thus, 

{n-2)--^< X \h\^2R. 

^Kl h^[-R.R] 

With H denoting the Lebesgue measure, we conclude that 



(3.7) 



\Bs.r\ ^ n- 



\/25 



' 2 \ 
2R+ 



25<2R 



1 + 



1 ^ 
R^ 



25. 
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At this point we will use the entropy and moment condition on g to connect 
between the known value \Bs,r\ and the desired value j^^^g{x)dx. To do that 
we will use the relative entropy (see Definition 11.211 1 and the following known 
inequality: 



(3.8) 



where /i and v are regular probability measure on U and B is a measurable set. 
Define 

(3.9) dii{x) = — , ax, dv{x) = ax. 



fl-R,R] SMdx 
Wehave that = and 



2R 



Hi^lv) = [ log 

Jl-R,R] 



I 



2Rg[x) 



dx 



(3.10) =log(2B)-log 



/ , 

.J[-R,R] 



g{x)dx 



g(_x)dxj\- 



fl-R,R]gMdxJl-R,R] 



g{x) log g{x)dx 



; log{2;?) - log (l - ^] + j gix) I log gix) I dx 



We have used the fact that 
(3 



.11) [ gix)dx=l-[ gix)dx>l-^[ \x\^g[x]dx>l-^. 

J[-R,R] J\x\>R R"^ J\x\>R R'^ 

We will now turn our attention to the term / gix)\ log(g(x)) | dx. For any positive 
function \fr[x), we have that 



gix) 

y/{x) 



log 



gix) \ gix) 



y/ix)l y/ix) 



+ 1 



>0. 



Thus, for any measurable set A we have that 

I g(x)logg(x)<ix> I gix)logxf/ix)dx+ j gix) - j ■\j/{x)dx, 

JA JA JA JA 

when the right hand side is finite. Choosing y/{x) = e"'^'^ and A = {g < 1} we find 
that 



(3.12) 



1/ 



g{x)\ogg{x)d 



g{x)logg(x) 



< I |x|'''g(x)rfx- I g{x)dx+ I iff{x)dx<Ex + Cx. 



where Cx = f y/{x)dx. Since 



[ g(x)|log(g(x)| = H{g)-2 [ g{x)logg{x)dx. 
J Jg<i 
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we conclude that 



(3.13) 



//(|Li|v)<log(2fi)-log 



EA Hig)+2Ex + 2Cx 



1 



Ea 



Together with I l3.7t and I l3.8t we find that 

2log(2^) -2log(l - f ) + 2gteH4i?.+4C. 



(3.14) 



log 



iog(2i;)-iog(i-^)H 



1 + - 



El 



2R 



Next, we notice that 



[ g{x)dx={[ g{x)dx]^[[-R,R]\Bs,R]>{l-^][l-^i{Bs,R)] 

Jl-R,R]\Bs.R \Jl-R,R] I \ R"^) 

which, along with I I3.5I and 13.141 1 gives us the following control: 



(3.15) |g(OI< 1-5-1 1-^^ 



2log(27?)-2log(l-f ) 



2H(g)+4£A+4CA 



1- 



log 



lo 



1 + ' 



g(2i^)-log(l-|i] + «;EAA 



2R 



15 



J 



At this point we can choose R and 5 < ^ appropriately. For any t > we choose 
5 = jS^"*"^ and R = - log /3 we find that for (5 going to zero 



2log(2B)-2log(l-f ) 



2H(g)+4EA+iCA 
1 



2log(-log()6)) 



log 



' Iog(2i^)-Iog(l-|i] + iMi 
1 + 



£a1 , g(g)+2£A+2CA A 
^1 



pA 



log 



1 + ' 



log(-Iog(/3)) 



J 



Thus, 



where %i ^ 0. 



2log(-log(;6)) ^ 

^ log(log(-log(^))) - f •log(;6) ^0 

ig(ai<i-)62+^+(/)T()S), 



-2v1/3^*5 Iog(/3)+2Vl/37 



0. 



□ 



Before we state and prove our main Levy central limit theorem, we state a 
simple technical lemma, one that will be proven in the appendix. A similar ar- 
gument can be found in 1 12 1 . 

Lemma 3.3. Let g be the characteristic function of a random real variable X that 
is in the NDA ofja,a,p- Then there exists /3o > such that for all 1^1 < /3o we have 
that 



(3.16) 



\giO\<e-— 
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Theorem 3.4. Let g be the probability density function of a random real variable 
X. Assume that g e Lf[U) for some p > I and g is in the NDA ofja.a.p for some 
a > 0, p and I < a <2. Assume in addition that g has finite moment of some 
order Define 



gN{x] = N^g*^[N^xj, 



and 



(3.17) Ta.a.pM = fa,a.p^Oe'^''d^. 

zn Ju 

Then, for any positive sequence {PN}j^^ao ^^^^ converges to zero as N goes to in- 
finity, any t > and N large enough we have that 

I 1 <'^Pn 

II gN - Ta.a.fi IL ^ iV^ (1 - Pl^' + 0, ()6w))~-'' + e-— 

(3.18) 

/• no /•7ra;^^ \ 

r(AO, 



+o)rj i^N) + 2a 13% [l + p^ tan^ (^) ) j = ( 



where 



(i) Cg^a >0 isa constant depending only on g, its moments and a. 

(ii) q can be chosen to be the Holder conjugate o/min(2, p) . 
(Hi) (pj satisfies 



(iv) Tj is the reminder function ofg, defined in Definition \2.11\ and (Dj^ip) = 

SUP|:t|</J-|-^- 

The proof of Theorem 13.41 is similar in nature to proofs presented in l4l[T2l. 
yet there are some differences. The main one is the explicit estimation, per N, of 
the distance between gjv(Jc) and Ja.a.p- 

Proof. We start by noticing that 

and from the inversion formula for characteristic functions (see [11]) we have 
that fa,a,p is the characteristic function of Ya,a,p- 

Since g e (IR) n LP (U) we conclude that g e L^' (U) for any l<p'<p. Thus, its 
characteristic function belongs to some L*? (U) for some q> I. One can choose q 
to be the Holder conjugate of min(2, p) . For any N> qwe have that 



d^<N^ \\g\\l,<cx>. 
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This implies that we can use the inversion formula for g, and as such, for any 

xeU: 



|g]vW-rt7,a,/iW| ^ 77- f f 

2nUr \N-a) 



(3.19) 



271 J|f|< 



\i\<pNNa 



,1 \S 



■N 



1 



lfl>/3iviV<f 



2n J\^\>P^Na 



= h + h + h. 

The partition in <3.19l l corresponds to the low-high frequencies domains we re- 
ferred to at the beginning of the section. We wil start with estimating /i . 
Since g is in the NDA of Jo,a,p< Theorem lZ. 121 assures us that g is in the FDA of 
Ja,a,p and there exists a reminder function, ry, such that 

(3.20) |g(a -fa,a,/i(0| = H0\ + 
with 

(3.21) |77,(a|<2a2|^|2«(i + /32tan2(^)) 
when 1^1 < /3i for some small /3i > 0. Thus, 

\m)-fa.a,fiiO 



(3.22) 



sup 

lfl</3iv 



; a)r^iPN) + 2a 13% (l + tan^ (— )) 



for N large enough such that 13m < Pi. 
Next, we see that 



(3.23) 



g 



N 



N-l 

I 

k=0 



N-l-k 



Picking N such that < Pn < Po from Lemma lTsj we find that 



(3.24) 



N-l 

L 

k=0 





k 




f ^ 1 

























N 1 k iV^l ^^j^ a(iv-t-i)|,:i^ 

< e 2JV . e jv 



fc=0 

< Ne 2N < Ne * , 



when AT > 2. Combining l[322), llS^Sj and <T24t we see that 

w^()6iv) + 2a;6« [l + )62tan2(^)) 
/i < 

(3.25) 



2n 



■( 

J\(\< 



ATe 4 

|f|<;6jviVa AT 



< C ^()6w) + 2ff/3« (1 + 13^ tan2 (^))) , 
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where C = |^|" e~~^d(. Next, we estimate Iz- 

The expression I2 is connected to the high frequency theorem, Theorem l3.1l and 
as such we need to check that its conditions are satisfied. From the conditions 
given in the statement of our theorem, we know that there exists A > such 
that Ex < 00, using the notations of Theorem 13.11 We only need to show that 
H[g) < 00. Indeed, since g^LP (K) for some p > 1 we have that 

\ g{x)\\ogg[x)\dx=- \ g[x)\ogg[x)dx+ \ g{x)\ogg[x)dx. 

JR Jg<l Jg>\ 

We already showed in the proof of Theorem 13 . 1 1 that - /^^^ g(x) loggix)dx < 00, 
and since we can always find Cp > such that logx < CpxP~^ for x > 1 we con- 
clude that 



I 



g{x)\ogg{x)dx<Cp\\g\\1p,^.<oo, 

>i 



showing that Hig) < 00. Thus, for any t > and for (i small enough we have that 

|g(OI<l-j6^^' + 0r(i6), 



Using the above, we conclude that 



with^-^O. 

P B^O 



(3.26) i,=^f igiord^^^ii-pi^^^cfAMf-^m 



LIU 



Lastly, we need to estimate I3, which is the simplest of the three integrals. Indeed 

h = —\ ^e-"\^\ d^< ,e-—d^ 

(3.27) 271 J\^\>pj^N-ii 2n J\i\>p^Na 

<De 2 , 

where D = j^f^ e ^^-d^. Combining <3.25t . <3.26t and I I3.27II yields the desired 
result. □ 

Remark 3.5. It is clear that if {i6Ar}jveN chosen such that it goes to zero and 

then e-^{N), defined in the above theorem, goes to zero as N goes to infinity, and 
we have an explicit rate to how fast it does it. A different method to undertake 
here is to pick /Jq small enough that all the steps of the proof the theorem work, 
and get that 

( 1 "'^^0 

WSN - ra.a,fi L ^ Cg.« (1 - fo^' + (Pril^o))''-'^ + e" — 



+a)r^{Po) + 2a (1 + tan2 (^)) )• 
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Thus 

limsup||giv-ra,a,/i|L^ lim (to^(^o) + 2cr/3o (l + tan^ f^))) = 

JV^oo Po^O ^ \ I III 

proving the desired convergence, but losing the explicit N dependency! 



An immediate corollary of Theorem l3.4l is the following: 

Theorem 3.6. Let g be the probability density function of a random real variable 
X. Assume thatg e (U) for some p' >l and 

(1) /|x|g(x)rfx <oo. 

(2) Ugix) ~ Csx^~" for some Cs>0 andl < a <2 where 



(3) 



y^giy)dy. 

-X 



1 - G{x) 
1 - G(x) + G{-x) ^ 
G(-x) 



1 - G(x) + G(-x) ^-oo 
where G[x) = f^^giy)dy. 

Then, for any positive sequence {/3jv}^e|^ that converges to zero as N goes to in- 
finity and satisfies 

(3.28) fi:t^N oo, 

for some t > and for N large enough, we have that 



sup 

(3.29) 



< 



+e-— + (DrjiPN) + 2a 13% (l + tan^ (— )) 1 = 



2 11) J^a 

where 

(i) '^ = Cs'^cos[^),P = p-q. 

(ii) E = f^xg[x)dx. 

(Hi) Cg^a >0 isa constant depending only on g, its moments and a. 

(iv) q' can be chosen to be the Holder conjugate o/min(2, p') . 

(v) (pj satisfies 

lim — T— = 0, 

x^o |xr+'' 

(vi) T]{0 is the reminder function of e~^^^g{0> defined in Definition \2.11\ and 
w^(^) = sup|^l<^^. 

Under the condition \3.28\l and the conclusions [i) -(_vi) one finds that 

lim ej[N) = 0. 

N^oo 
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Proof. We start by defining go {^) = gix+E). Clearly go £ L^^'W and \x\goix)dx < 
oo. If we will be able to show that go is in the NDA of Ya,a,p> then, using Theorem 
13.41 we can conclude that 

Ta.a.pix) 



sup 



X 



g*^\^N^x + NEy 



^ CAN) 
— 1 ' 



as go^(x) = g*^ix + NE), and the desired result follows. 

We only have to prove that go is in the appropriate NDA. To do that we will use 
Theorem l2.14l From its definition we know that go has zero mean. Clearly 

l-Go(x) 



1 - Go(x) + Go(-x) ^^oo 
Go(-x) 



l-Go(x) + Go(-x) -t^oo 

with Go(x) = f^ooSoiy)dy, as Go(x) = Gix + E). 
Next, we see that 

/X rx+E rx+E rx+E 

y^goiy)dy=l y^g{y)dy-2El yg{y)dy + E^ I g[y)dy. 
■X J-x+E J-x+E J-x+E 

The first term is bounded between (x - E) and /ig (x + E) and as such behaves 
like Cgx^"" as x goes to infinity. The rest of the terms have a limit as x goes to 
infinity, implying that 

|Ug„(x)~Csx2-«. 

All the conditions of Theorem l2.14l are satisfied (see Remark l2.16t . with o and /3 
given by (z), and the proof is complete. □ 

Now that we have an appropriate local central limit theorem, we are ready to 
go to the next section where we will show that families of the type 

T-I J 

are chaotic and entropically chaotic, for a large class of functions / with mo- 
ments of order 2a, 1 < a < 2. 

Before we do that we'd like to mention that with additional conditions on g, the 
estimation on e^, defined in Theorem l3.6l can become more explicit. This will 
be done via an explicit estimation for to^CO- Such estimation can be found in 
fl2| , yet the additional conditions are very restrictive and we weren't able to find 
many functions that will satisfy all of them with our simpler conditions. As it is 
still of interest we will provide some information on the matter in the Appendix. 

4. Chaoticity and Entropic Chaoticity for Families with Unbounded 

Fourth Moment. 

The study of the chaoticity and entropic chaoticity of distribution function, 
{Fn}neN' on Kac's sphere that have the special form given in jl.lGI I is intimately 
connected to the asymptotic behaviour of the normalisation function 2n [f, r] 
at all r, and not only its value at r = \/N. Formula I l2.lt for the normalisation 
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function, presented in Section |2l and the local central limit theorem we just 
proved provide us with the necessary tools to find the desired behaviour. 

Theorem 4. 1 . Let f be the probability density function of a random real variable 
V such that f e LP(IR) for some p> I. Let 



Vf{x)= j y f[y)dy, 



and assume that 



/ 



X fix)dx = £■ < oo. 



andvfix) ~ Cgx^ "forsomeCs>0andl<a<2.Then 



(4.1) 



sup 



h*^ix)- 



^ ( x-NE \ 



No 



ejN) 
1 ' 



where limisf^oo£iN) = 0, a = Cs^jlz^ cos [^) and h is the probability density 
function of the random variable V^. Moreover, e{N) can be bound by e-^iN), given 
in Theorem UM with rj the reminder function ofh. 
In addition, 



(4.2) 



2N[f,s/^ 



I AT n I JV-Z 1 

§]V-1N.— ^- 



Yo,a,l 



r-NE\ 



V ]\Ja J 



wheresupii\XMiu]\ — ' 0. 



Proof. We start by noticing that I I4.2I I follows immediately from 1 12. Il l and I l4.lt . 
Next, we will show that the conditions of Theorem 13.61 are satisfied by h, con- 
cluding inequality <4.1l l, and the estimation for e{N). 
As was mentioned before, the function h is given by 



Hx] 



/(A)+/(-v^ 



x>0 
x<0 



and h e L^' [U) for some p' >l when f e Lf (R) with p>l (see Remarklz!2t . More- 
over, for any k > 



from which we conclude that 



[ \xfh{x)dx= [ \x\^''f{x)dx, 
Jk Jr 

ithat 

/ \x\hix)dx= j xhix] = E 



< OO. 



By its definition 



/X 
/h{y)dy = Vf{x) ~ Cgx^'", 
-X X— 'OO 
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and recalling Remark [2.16l we conclude that if H is the probability distribution 
function of then for any x > 

Hix) 



1 

1 - H{x) + H{-x) 

m-x) 



1 



1 - H{x) + H{-x) ^' 

Thus, all the condition of Theorem 13.61 are satisfied by h with the appropriate 
a, a and P = l, and the proof is complete. □ 

Remark 4.2. A couple of remarks: 

• The formula for the normalisation function, J?jv, depends heavily on 
h*^, where h is the distribution function of the random variable V^. 
Any hope for a normal central limit theorem, let alone a local one, re- 
lies heavily on the finiteness of the variance of h, i.e. the fourth moment 
of /. This is exactly the reason why the fourth moment of / plays such an 
important role in the theory. When / lacks that condition, a thing that 
manifests itself via the function Vf(_x) in the above theorem, there is still 
something that can be said and our local central limit theorem comes 
into play by replacing the Gaussian with the stable laws. 

• The parameter /3 represents the skevmess of the stable distribution. In 
general fie [-1, 1] and the closer it is to 1, the more right skewed the dis- 
tribution is. The closer it gets to - 1, the more left skewed the distribution 
is. Since our probability density function h is supported on the positive 
real line, it is not surprising that we got that p must be 1! 

We are now ready to prove Theorems ll.lll and ll.12l 



Proof of Theorem [l .111 Due to the given information on /, we see that it satisfies 
all the conditions of Theorem l4.1l and as such for any finite keU 



(4.3) 



/ 



r~ 2 '2N-h{f,\/r) 



1 



t(a-l) 



T<J,a,l 



N-k 

'r-[N-ky 
. [N-k]^ , 



for some a = Cg cos [^) and A]v-fc such that 



e]v_fc = sup|AAr-fc{r)| — ' 0. 

r N^oo 



Using Lemma [Z4l with Fjv 



r 



we find that 



Uk{FN)ivi,...,Vk] 



N-lc-2 ( I 

|§^-i|iV^^w[/,ViV) 
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Combining this with <4.3l l yields 



(4.4) Uic{FN)iv\,...,Vk) 



( N 



\N-kl 



Ja,a,\ 



where Xa is the characteristic function of the set A. By its definition, given in 
t3.17K and the properties of Ja,a,p> we know that Ja,a,\ is bounded and contin- 
uous on IR. As such, along with the conditions on Xfq-k and Ajv, we conclude 
that 

nfc(Fw)(i;i,...,t;fc) f^{vy,...,Vk), 

N^oo 

pointwise. Using Lemma [231 we obtain that {Fn}n£N is /-chaotic. 

Next we turn our attention to the entropic chaos. Using symmetry, I I4.3I I and 1 14.41 

we find that 

H^iFM) = "-7^7=7 f^^,^ r "log [fn da^ - log [f, ^)) 

= N n,{FNKvi)\og[f{v,))dv,-log ^ ' 

Ju 



AT I N-2 , 1 



= N 



J^l J- 



x/W T(J,a,l 



//V 



Ta.a.lW + XNiN) 



-f[vi)logf[v-i)dvi 



-log 



2\/^(ra,a,i(0)+AAr(A0) 



1 + 



1 ^ 



where we have used the fact that I § 



JV-ll _ 2jiT 



fl 1\ A^, 

--- log -log (2716). 

a 2 2 



, and an asymptotic approxima- 



tion for the Gamma function. 
Since 



Tcr,a,\ 



iN-l)i 



Ta.a.im + ^NiN) 



-fivi)logfivi] 



\\Ta,a,l\\^ + £N-l , I, ,1 

- 7^ -'^^''1^ log/(i^i) 

ra,a,liO)-£N 

^ '^"^""'^''-/'V (^-i)|logm)|eL^TO, 

for N large enough. Combining this with the fact that {FIi {F]v)}iveN converges to 
/ pointwise, we can use the dominated convergence theorem to conclude that 

HNiFN) 



(4.5) lim 

N^oo 



N 



= [ fiv,nogf{v,)dv, + ^"g^^+ ^ = Hif\Y), 
JK 2 



and the proof is complete. 



□ 
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Proof of Theorem [LT2[ It is easy to see that the condition fix) ~ t-ttW for 
some 1 < a < 2 and D > implies that 

J x^oQ 2 - a 

Thus, with the added information given in the theorem we know that / satis- 
fies the conditions of Theorem ll.lll and we conclude the desired result. □ 

Remark A3. Theorem ll.lZl gives rise to many, previously unknown, entropically 
chaotic families, determined mainly by a simple growth condition. An explicit 
example to such family is the one generated by the function 

5. Lower Semi Continuity and Stability Property. 

As discussed in Section[T] the concept of entropic chaoticity is much stronger 
than that of normal chaoticity. This is due to the inclusion of all correlation in- 
formation and an appropriate rescaling of the relative entropy. In this section we 
will show that the rescaled entropy is a good form of distance, one that is stable 
under certain conditions. 

The first step we must make, inspired by 1 4 1, is a form of lower semi continuity 
property for the relative entropy on Kac's sphere, expressed in Theorem I 1.131 To 
begin with, we mention that in (4] , the authors have proved the following: 

Theorem 5.1. Letg be a probability density function onUsuch thatg e L^iWifor 
some p> I. Assume in addition that 

I x^g{x)dx=l, I x^gix)dx <oo, 

and denote dv^ = G^do" , where Gn = —4 — 7=7, restricted to Kac's sphere. Let 

{Mw}jveN a family of symmetric probability measures on Kac's sphere such that 
for some keN we have that 

nfc(Mw) — Hk- 

N^oo 

Then 

H[pk\g^''] . ^Hn{Pn\vn) 

(5.1) <liminf . 

k N 

Note that due to an inequality, the so-called Csiszar-KuUback-Leibler-Pinsker 
inequality (121|) ,one has that 



(5.2) \\p-v\\Jy<^y2Hip\v), 

showing that I l5.lt gives a stronger result than an convergence. We will use 
this theorem as a motivation for our lower semi continuity property, as well as 
in the particular case of 

gix) = j{x), dvisf = G]s[da^ = da^ , 
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where jix) is the standard Gaussian. 

Before we begin the proof of Theorem 1 1 . 1 3 1 we point out the obvious difference 
between the k = I and fc > 1 cases. This is due to the fact that the proof relies 
heavily on our approximation theorem, Theorem l4.1l which is valid only in one 
dimension. The higher dimension case needs to be tackled differently, unlike 
the proof of Theorem l5.ll where the higher dimension case is proven in a very 
similar way. 

The proof of Theorem 11.131 follows ideas presented in L4|, with some modifica- 
tion to our current discussion. 

Proof of Theorem U. 131 We start by noticing that since Ch[u'^°) can be consid- 
ered a subspace of Cb (k'^) whenever ko < k. The weak convergence condition 
on nfc(/iiv) implies that 

In particular we find that converges weakly to ^ = 111 (^fc)- 

Next, we recall a duality formula for the relative entropy (see QT] for instance, 

for the compact case): 

(5.3) H{ii\v)= s,u^\\ (pdii-\o%[\ e^dvA. 

Given e > we can find (pe £ Ci,(IR) such that 

f e'<'^^''^f{v)dv=l 

JR 

and 

(5.4) H[fi\f)< [ (pe[v)di2{v) + ^. 

JR ^ 

We can find a compact set c IR such that 

^i[K',)< II ^ 11 , f f{v)dv< ,, ■ 

Let r]e e CciM) be such that 

0<77e<l, r}e\K, = l, 

and define q){v) = rie{v)cpe[v). Clearly ^ e Cc(IR), \(p\ < \ipe\ and 

(5.5) H{iJ,\f)< i q)(v]diJ.{v) + 2\\(pe\\^^[K^) + ^ < I (p{v]d^iv) + e. 

JR / JR 

Also, 

(5.6) [ ef'-''^f{v)dv- [ e'P^^"^ f{v)dv <2ell'^-ll- f f{v)dv<e. 

\jR JR JK^ 

For any N eN, define cpffivi,..., vn) = T-iLi^iVi) e Cb (IR^). Plugging cp^ as a 
candidate in I l5.3t . in the setting of Kac's sphere, and using symmetry we find 
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that 



Hn{Hn\vn)>n( q,{v,)dn,{^N)iv,)-\og\ ( nf_^{e'P^'''^ f{Vi)] da 

Ju \2N[f,VN)JS'^-^[s/N) 

where a = f^e'^^'^^ f[v)dv. Since / satisfies the conditions of Theorem l4.H so 
does the probability density function ^f. Denoting hy E = v^e'P^^^ f{v)dv 



Nj (p{vi]dnii^N]{vi)-log 

JU 



Nloga, 



we find that 



(5.7) 



if, s/N) Ya.a.l (0) + £2 (N) 



for some a, ay, and {e;{A/^)}i=i,2 that go to zero as N goes to infinity. Since Jai.a.i 
is the defined as the inverse Fourier transform of an function we know that 



liminf 



Thus, 
(5.8) 

Together with the fact that 



lim 



lim ra,,a,lM = 0. 
|x|^oo 



( iog(r.„..(^)^..H l 

N 



>0. 



log(ra,a,l(0) + e2(Ar)) 



N 



= 0, 



the weak convergence of 111 (/Ltjv) and I l5.5t . we find that 



(5.9) 



,. . Hiv(MJvlV]v) 
lim mt 

N^oo N 



JU 



cp{v)d^{v) -log(l + e) 



>//(Af|/)-e-log{l+e), 

where we have used <5.6l l to conclude that I a - 1| < e. Since e was arbitrary, [i] is 
proved. 

In order to show [ii), we notice that 

•Hw(Mivlvjv) = f log [ r^^^^^M ] ^I^N = tfAf (Mivlo-^) - [ log(FAr)rf/UjN 

= HN{fiN\(J^) - N j^logifivi)) dn.ifiN) + log (2n (f, v/iv)) . 
Thus, for any 5>0, 



(5.10) 



liminf 

N^oo 



Hn{ij-n\vn) 
N 



limsup / log[f[vi) + 5]dn 

N^oo JU 



i{Miv) 



. HNi^iNlcr^) log(27r) + l 
> lim mf , 

Af^oo N 2 
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where we have used the fact that lim]v^oo = - '"^^^^^^^^ , shown in the 

proof of Theorem ll.lll From Theorem lS.ll we know that 

liminf > , 

N^oo N k 

and since 

= HiiJ.k\r ) ^ kj log[fiv))d^iv) 

we get the desired result from <5.10l l . □ 

We will now prove our first stability result, Theorem 11.141 Again, the ideas 
presented here are motivated by [4jj . 

Proof of Theorem [l .141 We start with the simple observation that if {//jvIjvgn ^ 
family of symmetric probability measures on Kac's sphere then {nfc(/Li]v)}^gf^ is 
a tight family, for any e N. Indeed, given e N we can find mjv, rjv £ N such 
that 

N= mNk+ rjsi, 

where < rjv < fc. We have that 



njfc(jUiv) 



1 C Inif^k \ N 2k 



< 



proving the tightness. 

Since {nijU]v}jv£N is tight> we can find a subsequence, jlli |a^jvj:.]| ^. to any 

subsequence {lli (MW(:)}/teN' ^^^^ converges to a limit. Denote by k the weak 
limit of such one subsequence. Using <1.3QI I we conclude that 

(5.11) //(K I /)< liminf — ^ = 0, 

Hoo Njcj 

due to condition <1.32l l. Thus, k = f{v)dv, and since k was an arbitrary weak 
limit, we conclude that all possible weak limit points must be f{v)dv. Since the 
weak topology on P{W) is metrisable we conclude that 

ni(/X]v) — f[v)dv = ^. 

N^oo 
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We will show that the convergence is actually in with the weak topology. 
As an intermediate step in the proof of Theorem ll.lSl we have shown that 



(5.12) 



H{fiN\vN) = mi^N\(J^)-N [ log{f{vi))dni{i^N)ivi) 
+ log(^w(/,v/iv)). 



Using condition l ll.32t . the fact that limjv^oo ^'^ = -l2iI^Elli^ and the fact 
that / e L°°([R) we conclude that there exists C > 0, independent of N, such that 
for any 5 > 



(5.13) 

The inequality 



H{fiN\crN) 
N 



< C + l0£ 



, + 5). 



k N 
proven in (T) and valid for any > 1 and N>k, implies that 

(5.14) H (Ofc (/Ziv) I Ofc (o-^)) < 2 A; (C + log ( II / ID + 5) , 
for all fc e N, AT > A: and 5 > 0. 

Similar to the proof of Theorem ll.131 one can easily see that 

(5.15) //(nfc(MAr)ir**^J = /f(nfc(Miv)|nfc(c7~))+ / log \^ dUki^iN) 



where y is the standard Gaussian. Since da^ = — 7 — ^da^, and y is a prob- 

ability density with finite fourth moment, one can employ similar theorems to 
those presented here and find that 



where sup„ |Ajv-fc(M)l 
such, 



N 



r 



N-k 



— ' and Ajv(Ar) — ► (see 14J for more details). As 



[ 



log 



V y^ 



rfnfc(/X]v) <log maxi 



N ||r||oo + SUpjvSUp^|A]V-fc(M)r 



N-k 



l + infjvAiv(iV) 



which, together with <5.14) and 15.151 1 shows that 

H(nfc(Miv)ly^')<2fc(C + log(||/||J+5) + D, 

for some C,D>0 independent of N, and 5 > 0. Thus, {llfciUivl^eM bounded 
relative entropy with respect to y®*^ and we can apply the Dunford-Pettis com- 
pactness theorem and conclude that the densities of {nfc(^iv)}jveN for™ ^ r^l" 
atively compact set in L^(IR*^) with the weak topology. Since this is true for all 
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k, and we know that {lli (;U]v)}^g^ converge weakly (in the measure sense) to /j,, 
with density function /(y), we conclude that for any (j) e L°°([R) we have that 

(5.16) [ (l)iv)dniiiJN)M [ (p{v)f{v)dv. 

In particular, since / e L°°(K) and / > we have that for any 6>0 

(5.17) f log{f{v) + 6)dni{fiN)iv) [ log[f{v) + 5)f[v)dv. 

Combining I l5.17t . I ll.32t with the fact that Yli^jdN) converges to f{v)dv, we find 
that if {rifc (MiVj]}yeM converges weakly to k^, then by <1.31t 

(5.18) H{Kk\^^ r iog[f{v) + 5)fiv]dv- [ log[f[v))fiv]dv 

where we have used the fact that v^dji^v) = f{v)dv = 1. Using the dom- 
inated convergence theorem to take 5 to zero shows that H[Kk\f®^) = 0, and 
so 

K]c = f^'' {Vi,...,Vk)dVi...dVjc. 

Much like { n i (/i]v) } , since {nfc(jUjv)}jY£|^is tight we can always find weak lim- 
its for some subsequences of it. We have just proved that all possible weak limits 
of subsequences of {nj(;(^]v)}jY£|^ are f^^, from which we conclude that 

nfc(Miv) - r\ 

N^oo 

showing the chaoticity. It is worth to note that we actually proved more than the 
above: we have proved convergence in (IR*^) with the weak topology. 
Going back to f5J2t . and using {TsSJ, JsTTt and the known limit of ^"^i^^if-"^) 
we find that 



r^nn> r //iv(Mjv|0-~) f, f^,, ^\fr^^ log(27r) + 1 

(5.19) limsup < I log[fiv)+6)fiv)dv+ . 

Taking 5 to zero we conclude that 
(5.19) limsup < H[f\j]. 



Since the inequality 



limmf > Hif\r) 



follows from Theorem l5.1l we see that 

(5.18) hm = Hif\j), 

N^oo N 

proving the entropic chaoticity and completing the proof. □ 
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The last proof of this section will involve the second 'closeness' criteria, asso- 
ciated with the Fisher information functional, and given by Theorem ll.151 The 
proof is similar to those appearing in flSl and |6| with appropriate modifica- 
tions. The proof will rely heavily on tools from the field of Optimal Transporta- 
tion. 



Proof of Theorem [l.l5\ The first step of the proof will be to show that conditions 
<1.33l l and 11.341 1 imply that the marginal limit, /, satisfies the conditions of The- 
orem fTTTTl 

We start by showing that / e LP{U) for some p > 1. In (TH the authors have pre- 
sented a lower semi continuity result for the relative Fisher Information, from 
which we conclude that 

(5.19) /(/lr)<liminf ^^^^^'^'^^ <C. 

N^oo N 



Denoting by 



we see that 



Jr fix) jR I rfx V 



dx 



7(/) = /(/|y) + 2- [ v^f{v)dv<C + 2- ( v^fiv]dv<oo, 
Jr Jr 

as / is a weak limit of Hi (;U]v), implying that 

I f^/(i')(ii'<liminf / v^dni{iJ.N)iv) = I. 

Jk2 N^oo Jr 

We conclude that y/f e [U] and using a Sobolev embedding theorem we find 
that v7 £ Thus, since / is also in I^(IR), we have that / e iP(IR) for all 

p>l. 

The next step will be to show that condition <1.33l l implies a uniform bound for 
the l + a moment of IIi (/iAf), i.e. 

(5.20) [ \ vi\^^"dUAHN)ivi)<C, 

Jr 

for some C > 0, independent of N. This will show that 

(5.21) [ v^fiv]dv= lim [ v^dUiiiJ.N)iv] = l, 
as well as 

(5.22) I |t;|^+"/(i;)rfi;<liminf I \v\^^" dUi{^N)iv) < C. 
Jr n^oo Jr 
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To prove <5.20t we notice that 

2^ " - 1 Jo U-2x Jx j 

= 23-« - 1 Jo ^"~''ii2 ^I'^n^'^w^^^i^" j /'l'^n(^Ar)(i;i)l£iyirfx 

Using condition l ll.33t we know thiat for any e > we can find i? > 0, sucii tiiat for 
any |x| > R and any A/^e N 

In addition, for any probability measure /i on IR we fiave tiiat 



(5.25) / v"^ d[i{v) <2x^ . 



-X 



Combining {5.231 1, I l5.24t and 1 15.251 1 we conclude that 

r 1-1-^. 3 — q;/ a+i 

\ I t;i|^+"t^n(^jv)(t;i) < _ 32j^— 

(5.26) ^ 

+c.(a+.)2'--a-.))£3^) = c 

for a choice of < e < 1. 

Lastly, we want to show that v ^, defined in Theorem ll.lll satisfies the appropri- 
ate growth condition. 

Since Wii^jsi) converges to / weakly, we have that for any lower semi continuous 
function, (p, that is bounded from below, 

(5.27) I (^{f;)/{i;)rfi;<liminf I (p{vi]dni[^iN){vi]. 
Similarly, if is upper semi continuous and bounded from above then 

(5.28) I (/)(y)/(z^)dz;>limsup / (p{vi)dYli{^N)ivi). 
Jr jv^oo Jr 

Choosing 0(y) = v'^X(-^,^)M and 0(1") = v'^ %[- ^^^]{v) respectively, and us- 
ing condition <1.33l l proves that 



/\/x 
v'^f{v)dv ~ Csx^"" 



-\/x 

and we can conclude that / satisfies the conditions of Theorem ll.lll This im- 
plies that the function Fjv = — ^ is well defined, and as usual we denote 

vjv = Fjsjdo^ . 

Next, we will show that ^ is uniformly bounded in N. Denoting by V the 
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normal gradient on and by Vs its tangential component to Kac's sphere we 
find that 



Js~-i {^/N) Fn 2N[f, //V] JS~-i 



<i:N\ 



(5.29) 



1 r \fivi) [ 



-da"" 



■ I jt; dvi, 



where we have used Lemma [231 and the definition of the normalisation func- 
tion. Using the asymptotic behaviour of =?iv (/> V^) from Theorem l4.1l we con- 
clude that 



(5.30) 



N 



' N Y f 



<C/(/)<Ci, 



-dvi 



for Ci > 0, independently of AT. 

At this point we'd like to invoke the HWI inequality, a strategy that was first 
proved to be successful in this context in L13J and 120J . In our settings we find 
that 

H{HN\cr^)-H{VN\(T'^) <^\/lNil^N\(TN)W2iHN,VN) 

(5.31) ^ 

H[VN\cr^)-Hi^N\(y^)<- VlNiVN\<JNW2 (^iv- vn) , 

where Wz stands for the quadratic Wasserstein distance with distance function 
induced from the quadratic distance function on D?^: 

VK2^(^iv.'Vjv) = inf / \x- dn[x,y), 

where U{ij,n,vn): the space of pairing, is the space of all probability measures 
on §^"^ (Vlv) X S^~^ with marginal and Vjv respectively. 
The reason we are allowed to use the HWI inequality follows from the fact that 
Kac's sphere has a positive Ricci curvature. Moreover, in the original statement 
of the HWI inequality, the quadratic Wasserstein distance is taken with the qua- 
dratic geodesic distance, yet, fortunately for us, it is equivalent to the normal 
distance on , hence the factor | that appears in <5.31t . For more information 
about the Wasserstein distance and the HWI inequality, we refer the interested 
reader to [25] . 

Combining I l5.31t with the boundness of the rescaled relative Fisher information 
of and vjv with respect to cr^, we conclude that 



(5.32) 



N N 



N 
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for some C > 0. 

The next step of the proof is to show that the first marginals of jj-N and v^v have 
some joint bounded moment of order I > 2, uniformly in N. This will help us 
give a quantitative estimation to the quadratic Wasserstein distance. Indeed, 
using several results from 1 13 1 , one can show the following estimation: 



(5.33) 



N 



< C,B! 



1 



1-1 

2 / 



where Ci and pi are positive constants that depends only on Z > 2, kjv is a prob- 
ability measure on Kac's sphere, / is a probability measure on R and 



B 



/ 



dUiiKN){Vi)+ f \Vi\f{Vi)dVi<00. 



We have already shown that {lli (Miv)}iveN ^ uniformly bounded moment of 
order 1 + a. Using <4.4l l from the proof of Theorem ll.il I we find that 



JR 



' N Y r 



a,a,\ 1 



+ A 



l\Vl\<^ 

for some oO, l<a<2 and Ajv-t.-^w with 



sup|Aiv-i(u)| — ' 0, Aiv(iV) — ' ( 
Thus, along with <5.22K we conclude that 
(5.34) [ |f;i|i+"rfni(vjv)(f;i)<C, 

JR 

for some C > 0. 
Defining 



M 



(5.35) 



JR JR 

+ [ \vi\^^"f{vi)dvi<oo 

JR 



and combining 15.321 1 , I I5.33H . and the triangle inequality for the Wasserstein dis- 
tance, leads us to conclude that 



(5.36) 



N 



N 



<CM- 



1 \ 



1 1_ 

1 2 1+tr 



As 112 (V]v) , 112 (vjv) and all have unit second moment (for any N) , the Wasser- 
stein distance is equivalent to weak topology with respect to them. Since {mwInen 
and {vjvIatgn are /-chaotic, we conclude that 

Wi[n2M,r^) — 0, w,[n2[vN),r^] — 0, 
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implying that 
(5.37) 



lim 



N 



N 



0. 



We are almost ready to conclude the proof. Before we do, we use the lower semi 
continuity of the entropy, discussed in Theorem l5.ll to see that 



mf\r) <l\mmf^^^^^ 



< C<oo. 



Thus, 



(5.38) 



H{iin\(J 



N 



-H{f\Y) 



H[i^n\(J^) H[vn\(J 



N 



N 

mf\r) 



N 



0, 



where we have used I l5.37t and Theorem ll.il I completing proof. 



□ 



Remark 5.2. We'd like to point out that following the above proof, one can see 
that condition <1.33K giving us a uniform asymptotic behaviour for the fourth 
moments of the first marginals of {mwI^em- can be replaced with the condi- 
tions that / satisfies the conditions of Theorem ll.lll and the first marginals of 
{^iv}]veN have a uniformly bounded k-th moment, for some k > 2. This gives 
us a different approach to the stability problem, expressed with the Fisher infor- 
mation functional, one that assumes less information on the first marginals, but 
more conditions on the marginal limit. 



6. Final Remarks. 

While Kac's model, chaoticity and entropic chaoticity, and the many body 
Cercignani's conjecture are far from being completely understood and resolved, 
we hope that our paper has shed some light on the interplay between the mo- 
ments of a generating function and its associated tensorised measure, restricted 
to Kac's sphere. As an epilogue, we present here a few remarks about our work, 
along with associated questions we'll be interested in investigating next. 

• One fundamental problem we're very interested in is finding conditions 
under which the many body Cercignani's conjecture is valid. While our 
work showed that the requirement of a bounded fourth moment is not 
a major issue for chaoticity and even entropic chaoticity, we still believe 
that the fourth moment plays an important role in the conjecture. At 
the very least, due to its probabilistic interpretation as a measurement 
of deviation from the sphere, we believe that the fourth moment will be 
needed for an initial positive answer to the conjecture. 

• The following was communicated to us by Clement Mouhot: Using a Ta- 
lagrand inequality, one can show that if the family of functions {GjvlATeN' 
restricted to the sphere, satisfies a Log-Sobolev inequality that is uniform 
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in N, one has that 



,. H[Fn\Gn) ^ 
nm = 



implies that lim]v^oo i^kiPN) - ^kiGN)) = 0. Our stability result, Theo- 
rem ll.141 gives many examples where the function Gjv doesn't satisfy any 
Log-Sobolev inequality (due to how the underlying function behaves), 
but we still get equality of marginal. Moreover, we actually get that Fjv is 
entropically chaotic! The connection between the limit of the 'distance' 

diPN, Gjv) = — 

and the convergence of marginals is still not understood fully. 
• We'll be interested to know if one can find an easy criteria for which we 
can evaluate quantitatively the convergence of h*^ (appearing in The- 
orem HjTJ without relying on the reminder function. This will allow for 
possibilities to extend the work done by the second author in [8 , 9 1 and 
allow the underlying generating function, /, to rely on N as well. While 
we present such quantitative estimation in the Appendix, we found them 
to be unusable while trying to deal with concrete examples. 

Appendix A. Additional Proofs. 

In this section of the appendix we will present several proofs of technical 
items we thought would only hinder the flow of the paper. 

Proof of Lemma\2J^ Assume that the conclusion is false. We can find a se- 
quence x„ — ' 0, x„ 7^ 0, and an cq > such that 

n^oo 

\g[Xn)\>eo. 

Due to continuity, we can find di>0 such that for any xe [xi,Xi + di] we have 
Denote Ui = 1, x^^ = Xi and = ny Xi = Xy. 

Since x„ converges to zero and is non zero, we can find x^^ such that < xj;^ < y . 
Let "2 =[4 

that Xfc < di and conclude that 



+ l>2, where [•] is the lower integer part function. We may assume 



^1 < nzXk, < ^1 + Xfe < ^1 + nidy. 



Next, we can find d2 such that (xj;^ + d2) <^i + nidi. We may also assume that 
d2 is small enough so that x e [xj;^, xj;^ + d2] implies 

Denoting by ^2 = ^2X^2, we notice that [^2.^2 + fi2d2] + fiidi] and the 

closed intervals are non empty. 
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We continue by induction. Assume we found Ui, ki e N, Uf > i, and di > for 
i = !,...,] such that = n,Xfc. satisfies 

[i,i,£,i + nidi] c [£,i_i,i,i_i + ni-idi-i] 

andforanyxe [^u^i + riidi] we have that 

£"0 



X 



7+1 



+ 1 > J + 1. As such, 



We find Xfc.^, such that x^-^, < txt and define n,- 

J''- J'^ J k 

we have that 

where the last inequality is valid since we can pick Xkj^^ < njdj. We can find rfy+i 
such that ny+i(Xfc.^j +dj+i] <^j + njdj and for anyxe [Xfc.^j.Xfc^.^^ + dy+i] 

Denoting ^j+i = nj+ixj^.^^ gives us the interval with the desired properties. 
Since we have a nested sequence of non-empty closed intervals in U we know 
that the intersection of all of them must be non-empty. Thus, there exists x e 
+ riidi] for all / e N. Moreover, by construction 

Co 







g 


{-] 




[nil 



which contradicts the assumption that lim„^oo (f ) = for any x^O. □ 

The next result we will prove, is Lemma l331 

Proof of Lemma \T3[ Since g is in the NDA of fa.a.p we conclude that g is actually 
in the FDA of Ya,a,i3> due to Theorem 12.121 Thus, there exists rji, with e 



and 



— 0, 



such that 



g(a = 1 - l^r (l + f)6sgn{a tan (^)) + 7?i (0 
where r?2(0 has the same properties as rji (0- We conclude that 



< e 



+ \r]iiO + r]2iO\<l-cr\^r + \r]iiO\ + \ri2iO\ + \ri3iO\, 



where 773(0 has the same properties as r?i (0- 
Let )6o > be such that ii\0<Po 

\r]iiO\ + \ri2iO\ + \miO 
For any |^| < ^0 one has that 



<1 —<e-—, 
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completing the proof. □ 

Appendix B. Quantitative Approximation Theorem. 

An item of great importance in Kinetic Tfieory, and our problem in particu- 
lar, is quantitative estimation of errors. Our local Levy Central Limit Theorem 
involves such an estimation, yet it is dependent on the function 

^^(/^) = sup— ^, 

where ry is the reminder function of a probability density function g in the NDA 
of some Y(j,(x,P' In some cases one can find explicit estimation for the behaviour 
of T] near zero, and get a better quantitative estimation on the error term e(AO. 
Such conditions are explored in [12| and we will satisfy ourselves by mentioning 
them, but providing no proof. 



Definition B.l. Let 5 > 0. The Fourier Domain of Attraction of order 5 of Ja,a,p 
is the subset of the FDA of Ja,a,p such that the reminder function, rj, satisfies 

for some C > 0. 

Clearly the PDAs of order 5 are nested sets, all contained in the FDA. Also, if 
g is in the FDA of order 5 of fa.a.p then we can replace o) {(i) , defined in Theorem 
I3.4l by C)S^ and get an explicit estimation to the error term e{N)\. 
The following is a variant of a theorem appearing in L12J that gives sufficient 
conditions to be in the FDA of order 5 of some fa.a.p- 

Theorem B.2. Let gbea probability density on M that has zero mean. Let 1 < a < 
2 and < 5 <2- a he given. Then if 

(B.l) f |xr+'^|g(x)-r^,„«{x)|^^x<oo 

JR 

for some a > and p e [-1, 1], g is in the FDA of order 6 ofYcr,a,p- 
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